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BifurcationThis paper presents recent experimental results on the switching of a simply supported buckled beam.
Moreover, the present work is focussed on the experimental validation of a switching mechanism of a
bistable beam presented in details in Camescasse et al. (2013). An actuating force is applied perpendic-
ularly to the beam axis. Particular attention is paid to the inﬂuence of the force position on the beam on
the switching scenario. The experimental set-up is described and special care is devoted to the procedure
of experimental tests highlighting the main difﬁculties and how these difﬁculties have been overcome.
Two situations are examined: (i) a beam subject to mid-span actuation and (ii) off-center actuation.
The bistable beam responses to the loading are experimentally determined for the buckling force and
actuating force as a function of the vertical position of the applied force (displacement control). A series
of photos demonstrates the scenarios for both situations and the bifurcation between buckling modes are
clearly shown, as well. The inﬂuence of the application point of the force on the bifurcation force is exper-
imentally studied which leads to a minimum for the bifurcation actuating force. All the results extracted
from experimental tests are compared to those coming from the modeling investigation presented in a
previous work (Camescasse et al., 2013) which ascertains the proposed model for a bistable beam.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
A slender elastic beam subject to buckling load is a very simple
candidate to design a bistable mechanism. In spite of its apparent
basic deformation, such a system possesses relative complexity
due to mainly its nonlinearity and instability phenomenon. In a
previous work, the authors (Camescasse et al., 2013) reported an
analytical study of a bistable system made of a simply supported
elastic beam and loaded by a compressive force in its axis direc-
tion. The model is based on the elastica theory of beams. The model
accounts for large transformations (in particular, a cross-section
rotation of large amplitudes) as well as the extensibility property
of the beam. In the present work we propose experimental
validations of the switching process of the bistable beam under
the actuation of localized force.
There has been considerable effort devoted to the design and
manufacturing of bistable micro-mechanisms for micro-valves
(Goll et al., 1996; Schomburg and Goll, 1998), micro-switches or
relays (Matoba et al., 1994; Vangbo and Bäklund, 1998; Jensenet al., 1999; Saif, 2000; Baker and Howell, 2002), ﬁber-optic
switches, digital micro-mirrors (Maekoba et al., 2001) and
mechanical memories. More research relies on a bistable buckled
beam. This particular class of bistable mechanisms uses deﬂection
to amplify deformation of the elastic beam. The essential advan-
tage of this class of mechanisms remains in stable equilibrium in
two distinct positions. This interesting behavior is valuable for
micro-mechanical application because power is applied only to
have the bistable switched from one stable position to the other
one and the state of the system is not lost upon interruption of
the power to the system. Magnetically actuated devices are well
adapted for actuating bistable mechanisms and used to design
MEMS with low energy supply (Gray and Kohl, 2005; Gray et al.,
2005). The design of micro- and nano-mechanical devices using
bistable beams subject to different kinds of actuation becomes very
attractive for systems requiring low level of power consumption
and their ability to be miniaturized. Charlot et al. present a mi-
cro-mechanical pre-stressed bistable beam of few micro-meters
of length to be used as a non-volatile mechanical memory (Charlot
et al., 2008). In their work, the actuation of the micro-beam is
based on an electrostatic force by applying a voltage to two
separate electrodes on each side of the beam. Models for electri-
cally actuated MEMS have been examined by Das and Batra (Das
and Batra, 2009). They analyze a perfect electrically conducting
Fig. 1. Simply supported elastic beam: (a) the non loaded beam, (b) the beam in its
buckled conﬁguration with the actuating force.
B. Camescasse et al. / International Journal of Solids and Structures 51 (2014) 1750–1757 1751clamped–clamped arch subject to electrostatic force due to a dif-
ference of electric potential between a semi-inﬁnite rigid electrode
and a deformed beam. Finite element simulations are compared to
experimental tests. Park and Hah (Park and Hah, 2008) study ana-
lytically and experimentally the actuation of a pre-shaped buckled
beam controlled by electromagnetic forces.
Among bistable mechanisms, the pseudo-rigid-body model pro-
vides an interesting approach useful for the analysis of compliant
systems. This kind of model consists of compliant segments using
two or more rigid segments joined by rigid-body joints with
springs at the joints to model segment’s stiffness (Howell et al.,
1996; Edwards et al., 2001; Jensen and Howell, 2004). In the pres-
ent work, the bistable system is merely a buckled elastic beam
which is initially straight. However, it is interesting to report that
structures such as shallow elastic arches can be considered in the
design of bistable systems. A pioneering experimental study of
mode instabilities of elastic arches was conducted by Pippard
(Pippard, 1990). Further experimental evidence of instability phe-
nomena of buckled beam or elastic arches were performed by Chen
and Su (Chen and Su, 2011). Qiu and co-authors (Qiu et al., 2001)
consider a micro-system made of a centrally-clamped parallel
bistable beam to showcase the theoretical prediction of the snap-
through for central actuation. A study close to the present work
has been proposed by Chen and Hung (Chen and Hung, 2011). In
their work the authors examine the mid-span actuation and snap-
ping effect of an elastic arch by a localized force. The study focuses
on the way of applying the force with respect to the mid-span of
the beam. In addition, experimental observations are compared
to the theoretical predictions.
In the present study there has been an effort to bridge the mod-
eling phase of a bistable buckled beam (Camescasse et al., 2013)
and experimental observations. The emphasis is especially placed
on the bifurcation phenomena and the beam response under a
localized force. In the next section, we recall the essential ingredi-
ents of the theoretical model, the beam geometrical, material
parameters, and the loading conditions. In addition, the presenta-
tion of the numerical algorithm which has been used to obtain
the numerical results of the model is brieﬂy reported. Section 3
is devoted to experimental study. The section ﬁrst presents, in de-
tail, the experimental set-up. The experimental observations and
results are reported for the bifurcation diagram and the bistable re-
sponse in force–displacement for mid-span and off-center actua-
tions. The experimental results are accompanied by photographs
helping us to demonstrate the role played by the buckling modes
in the switching process. The ﬁnal section underlines the most per-
tinent results and proposes further studies.2. Description of the system and modeling
We consider a simply supported initially straight elastic beam
½AB of length L0, width b and thickness h. The ﬁxed Cartesian ref-
erence frame R0 A;~e1;~e2;~e3ð Þ is set such that the x-axis coincides
with the neutral axis of the beam, and takes place in the ðx; yÞ
plane. The z-axis is then perpendicular to the plane deformation,
see Fig. 1.
Under an axial compression P the right end moves towards the
left end and the elastic beam buckles. The small-deﬂection hypoth-
esis is still valid and the distance between the pin-joints becomes
L ¼ L0  DL.
The elastic behavior of the beam is supposed to be linear. The
homogeneous beam with Young modulus E;A and I respectively,
the cross-sectional area, and the moment of inertia of the cross-
section along the z-axis is then actuated to switch from one stable
state to the other one by an actuating force~F ¼ F~e2 applied at the
point C (xðsCÞ ¼ xC).We note by s the curvilinear abscissa along the beam axis in the
reference conﬁguration. The unit vector tangential to the current
axis of the deformed beam at the point G sð Þ ~s is deﬁned by
~sðsÞ ¼ dAG
!
ds
¼ x0ðsÞ ~e1 þ y0ðsÞ ~e2 ¼ cos hðsÞ ~e1 þ sin hðsÞ ~e2 ð1Þ
where hðsÞ ¼ ð~e1;~sðsÞÞ is the angle of rotation.
On using Eq. (1), the constitutive equations and the beam equa-
tions, the static equation for the present buckling beam (valid for
both segments 0; sC½ ½ and sC ; L0 ) takes on the form (Camescasse
et al., 2013)
EIh00ðsÞ þ d F cos hðsÞ þ P sin hðsÞ
 1
EA
dPF cos 2hðsÞð Þ  1
2
P2  ðdÞ2F2
 
sin 2hðsÞð Þ
 
¼ 0: ð2Þ
with
d ¼ d 1; 8s 2 0; sC½ ½
dþ ¼ d; 8s 2 sC ; L0 

where the parameter d denotes the ratio d ¼ xCxAxBxA , the relative posi-
tion of the point C with respect to the support distance.
The nonlinear boundary value problem given by Eq. (2) along
with boundary conditions at each end of the beam is solved by
using a continuation algorithm based on shooting method com-
bined with a predictor–corrector algorithm to ﬁnd the shooting
parameters (Camescasse et al., 2013).3. Experimental results and validations
This Section reports a set of results extracted from the experi-
mental tests concerning the bistable beam modeling and the
switching process using localized force. The ﬁrst experimental
study deals with the bifurcation diagram which is the basic result
for the beam buckling. The following experimental study concerns
the force–displacement response of the bistable beam subject to
localized force applied perpendicularly to the beam axis. Two
situations are examined: (i) an actuating force localized at the
mid-span beam and (ii) an off-center actuation. The inﬂuence of
1752 B. Camescasse et al. / International Journal of Solids and Structures 51 (2014) 1750–1757the actuating position on the force–displacement curves is exam-
ined in order to ﬁnd the existence of optimal position in terms of
force at the bifurcation point of the force–displacement diagram.
According to the modeling part of the work (Camescasse et al.,
2013), the bifurcation force can be deﬁned as the force for which
the path of the bistable response changes from the stable branch
to the unstable one and vice versa. Comparisons to the results com-
ing from the modeling study are discussed for each situation.
3.1. Technical details about the experimental set-up
3.1.1. Material
The thin elastic beam is made of stainless steel A301 with a
Young modulus of E ¼ 207 GPa, length of 200 mm, width of
13 mm and thickness of 0:4 mm. The thin elastic beams are manu-
factured from a sheet of stainless steel using an electro-eroding
process. Several test beams have been cut with an accuracy of
5=100 mm. Particular attention is paid to obtaining a high quality
of planar beams with a minimum of residual stress. The beam is
heated at 500 C in an oven for a few hours and maintained
absolutely planar and then cooled gradually to the ambient
temperature.
3.1.2. Experimental set-up
The thin beam is placed between two axes made of small tubes
with slots corresponding to the beam thickness. The beam is main-
tained ﬁxed at each end, however the ends of the beam can freely
rotate around the tube axis. The tubes are placed between two
high-precision screws equipped with a small ball inserted at one
of the extremities in order to adjust the tubes to be perfectly par-
allel and to form a spherical joint. The test set-up is equipped with
a micrometric translator at the one end. The translators allow us to
control the displacement of one end of the beam while the other is
maintained ﬁxed. Using a ThorLabs PT-1 travel translator stage
we are able to control the end-shortening of the beam with a
10 lm adjustment. Fig. 2 shows the photo of the complete exper-
imental set-up equipped with the force measurement apparatus.
For the measurement of the axial compressive force which
maintains the beam end-shortening ﬁxed we use force sensor of
Sensel Measurement of the SM2 model (an S-shaped force sensor
with four strain gauges). The force sensor is connected to ampliﬁer
to convert the force sensor output voltage to a signal to be ana-
lyzed with a multimeter. The sensitivity tolerance of the sensor
is less than 0:1 % with a good linearity and low hysteresis. The
force sensor was calibrated before the tests which ensures an
excellent degree of accuracy. The main drawback of the procedure
is the force sensor deformation imposed by the travel translator as
the buckling loading of the beam is increased. Accordingly, the
end-shortening of the beam does not exactly correspond to the
one displayed by the micrometer of the translator. We must
account for the deformation of the force sensor. Fig. 3 shows the
force applied to the sensor as a function of its shortening. We note,
in Fig. 3, that the force sensor has an excellent linearity and that
there is no hysteresis. It is worthwhile noting that the maximum
of compressive deformation of the force sensor is approximately
0:25 mm.
Since the force sensor is placed between the micrometer travel
translator and the cylindrical joint, the deformation of the force
sensor perturbs the measurement of the beam end-shortening
which should be ﬁxed. In order to avoid this drawback, we impose
the maximum deﬂection at the beam center in its post-buckling
regime with zero actuating force. The beam camber is then ﬁxed
at 13 mm which corresponds to an end-shortening of 0:22 mm
accounting for the compression of the force sensor. When an
actuating force is applied to the buckled beam, the vertical dis-
placement of its point of application is monitored very carefullystep by step. At each displacement of the actuating force in the
direction perpendicular to the beam axis, we measure the voltage
at the output of the ampliﬁer of the SM2 force sensor and convert it
to Newtons.
Regarding the measurement of the actuating force, we control
the displacement of the point of application by placing the beam
between two parallel cylinders which have been machined to form
a sharp edge on the half part of the cylinders. Fig. 4 shows the
detailed section of the actuating device with the cylinders. Using
such a device, we are able to control the displacement and to apply
the actuating force in both directions (from top to bottom and vice
versa). Moreover, the friction and damping effects during the
switching process are minimized. The device is controlled by
two-axis translators with the perpendicularity between the two
axes of translation motion. This allows us to control the position
of the actuating force along the beam axis and the other translator
stage guides the position of the point of applied force along the
direction perpendicular to the beam axis. The control is achieved
with a perfect accuracy around 1 lm. The applied actuating force
is measured by using a force sensor with the LSB200 model from
Futek (an S-shaped force sensor with four strain gauges). Alike
the force sensor for the measurement of the axial force, the sensor
is connected also to an ampliﬁer for the conversion of the force
sensor output into voltage. Contrary to the force sensor measuring
the compressive force, in this case we do not need to account for
the deformation of the sensor, since the sensor deformation is
not perceptible for the range of concerned forces.
3.2. Experimental results
3.2.1. Diagram of bifurcation
Among the ﬁrst results are the tests for the bifurcation diagram
for the elastic buckled beam. The measurement procedure is rather
easy. We use the travel translator to impose an end-shortening at
the right end of the beam and we read directly on the micrometer
the translation. The second measurement is the beam deﬂection at
its center. At this end, a micrometric translator is used vertically.
The continuity function of a multimeter allows us to detect the
contact between the beam center deﬂection and a small wire ﬁxed
at the vertical translator. For each amount of axial translation the
maximum deﬂection is read on the micrometer of the vertical
translator. Fig. 5 shows the bifurcation diagram, that is the deﬂec-
tion at the beam center as a function of the end-shortening. We
have two curves; the continuous line corresponds to the numerical
results coming from the model which has been presented in
Camescasse et al. (2013). The red spots are for the measurement.
We observe good results between the model and experimental
data. Obviously, because of the high slenderness ratio of the beam
L
h ¼ 500, the pre-buckling zone (for compressive force less than the
critical buckling force) is not observable.
3.2.2. Bistable response for mid-span actuation
The aim of the Section is to experimentally characterize the
actuating force as a function of the beam deﬂection according to
the location of the applied force. Two cases are examined: (i)
actuation at the beam mid-span and (ii) off-center actuation.
The experimental set-up allows us to obtain two quantities as a
function of the vertical position of the applied force: (i) the com-
pressive force P for a given end-shortening and (ii) the actuating
force F. Both forces P and F are considered as shooting parameters
for the differential equation governing the cross-section rotation
Eq. (2). We recall that since the end-shortening is given, the
compressive force P is accordingly unknown and it is changed with
the actuating force F. The experimental results are presented in
Fig. 6. The curves show the variation of the compressive force
while the beam is switching from one stable position to the other.
Force Sensor LSB200 for  actuating force Force sensor SM2 for compressive force
Buckled beam
Micrometer
Cylindrical joint
Translator stage
Fig. 2. Experimental set-up exhibiting the force sensors for the measurement of the buckling and actuating forces while the buckled beam is switched.
Fig. 3. Compensation curve of the force sensor SM2 for the compressive force
measurement: force as a function of sensor deformation.
Beam
Cylinders
Caliper
Fig. 4. Actuating device: details showing the beam placed between two cylinders
with sharp edges.
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cles correspond to the switching from the top stable position to the
lower one and (ii) the blue circles are for the switching in the
reverse direction (from bottom to top). The continuous black line
depicts the results from the numerical simulation of the bistableequations Eq. (2). First of all, we observe that the experimental
points are very close to the analytical results, leading to a good val-
idation of the proposed model. Nevertheless, we notice very clearly
in the experimental results a jump in the switching direction cor-
responding to a small increase in the compressive force. The jump
appears at the beginning of the switching phase and around the
bifurcation point (b) in Fig. 6a. More precisely, this jump is due
to the rapid appearance of the third buckling mode. As matter of
fact, the switching from the buckling mode 1 to that of mode 2
via the mode 3 produces a small increase in the compressive force
which is rapidly released. We observe a rapid transition (jump)
from the third buckling mode to the second one. In spite of the
Fig. 5. Beam deﬂection at its center as a function of the end-shortening: result from
model (continuous black line) and experimental data (red circles). (For interpre-
tation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this article.)
1754 B. Camescasse et al. / International Journal of Solids and Structures 51 (2014) 1750–1757jump phenomenon which has not been predicted by the model, the
comparison between the analytical results and experimental data
remains good (less than 7 % including disparities due to jumps).
A second result extracted from experimental study is the bista-
ble response: an actuating force as a function of the beam center
displacement. For the experimental tests we use the LSB200 force
sensor from Futek. The force is measured while the point of
actuation on the beam moves along a direction perpendicular to
the beam axis at the beam mid-span. The results are shown in
Fig. 6b where the analytical/numerical results (in continuous line)
and data from the measurement (blue and red circles) are superim-
posed. Similar to the compressive force as a function of the
mid-span beam displacement, a jump is observed around the
bifurcation point (b) from mode 1 to mode 2 when going from
the bottom to the top. This sudden jump is due to the appearance
of the third buckling mode and a jump from mode 3 to mode 2 is(a) (b
Fig. 6. Mid-span actuation: experimental results and comparison to the model (a): com
mid-span displacement.observed. The jump is also observed for the switching from upper
to lower stable positions. The colors of the circles and the letters
referred to the same events as in Fig. 6a. The results of the exper-
imental tests are coherent, which validates the proposed modeling.
The error between the analytical and experimental results is
around less than 9 %.
In Fig. 7, a series of photos are presented to capture the switch-
ing scenario. Foremost, we want to determine the role of the
buckling modes played on the switching process. Each photo is
assigned by a letter on the response diagrams: (i) compressive
force versus displacement (Fig. 6a) and (ii) actuating force versus
the beam mid-span displacement (Fig. 6b). We start with buckling
mode 1 (photo (a) in Fig. 7). The chronology continues with photo
(b) where we can observe the combination of modes 1 and 3. Photo
(c) shows the beam deformation just after the jump from mode 3
to mode 2. Photo (d) shows clearly a pure buckling mode 2 and
ﬁnally the second stable conﬁguration of the bistable beam is
reached as shown in photo (f) passing before through the interme-
diate state depicted by photo (e).3.2.3. Off-center actuation
In this part, we want to examine the inﬂuence of the force off-
set on the force measurement at the bifurcation point of bistable
response branches. The critical force depends on the ratio d. The
end-shortening is ﬁxed at 1 % of the beam length at rest, that is
2 mm. The measurement procedure is identical to the mid-span
actuation. Nevertheless, the measurement of the actuating force
is not complete. Once the bifurcation force is detected, the process
is stopped and the actuating force is set to zero. More precisely,
using the bistable response of the analytical study (actuating force
as a function of its vertical position), the force at the bifurcation
point is obtained when the path in the force–displacement
response changes from a stable branch to an unstable one and vice
versa. The measure of the force closest to the bifurcation point is
then retained for the diagram. The process continues with an
another value of d. Fig. 8 exhibits the ﬁnal results. Red circles are
the measurement while the continuous black line derives from
the analytical model. The result is symmetric with respect to the
vertical d ¼ 0:5. The experimental results presented in Fig. 8 look
like a cloud of points spread out around the theoretical curve.
Nevertheless, the main discrepancy with respect to the numerical
simulation is less than 5%. Moreover, the minimum bifurcation)
pressive force vs displacement of beam center, (b): actuating force as a function of
(a) (b)
(c) (d)
(e) (f)
Fig. 7. Chronology of a centered actuation (the letters are referred to those of the curves in Fig. 6a and b).
Fig. 8. Force at the bifurcation point as a function of the force off-set.
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of the relative difﬁculty of the measurement, a very good agree-
ment with the results is obtained.
The variation of the compressive force and actuating force as a
function of the vertical displacement yC of the point C are
examined in the same way as the mid-span actuation situation.
The procedure is strictly identical, yet, we take d ¼ 0:4 for the force
off-set. The experimental data and the results of the numericalsimulations are plotted together in Fig. 9. The ﬁrst result concerns
the compressive force P as a function of the vertical displacement
yC . The curves are drawn in Fig. 9a. It is mainly observed that the
situation is somewhat different from that of the mid-span actua-
tion. As a matter of fact, the non-symmetrical loading does not trig-
ger the buckling mode; only the modes 1 and 2 are considered.
Moreover, mode 3 which is symmetrical cannot be obtained with
such a loading. According to the modeling part of the present work
(Camescasse et al., 2013), for an off-center actuation the beam
begins to switch using the second buckling mode. The effect is
clearly exhibited in Fig. 9b for the bistable response: actuating
force versus displacement. In both Fig. 9a and b the red circles cor-
respond to the switching from upper to lower positions and those
in blue for the switching back. Moreover, the chronology of the
beam switching is given by the series of photos in Fig. 10. The let-
ters are reported in Fig. 9a and b. The process starts with the stable
position - the buckled beam at the upper position (see photo (a) in
Fig. 10). As the vertical position yC of the actuating force is lowered
towards the second stable position, we observe the deformation of
the beam consisting in a combination of buckling modes 1 and 2.
Photos (b), (c) and (d) clearly exhibit that mode 2 becomes pre-
dominant until the beam almost ﬁts with a pure buckling mode
2 (see photo (d)). The sequence of the process continues now for
yC < 0 (see photos (e) and (f)). At the point (f) in Fig. 9a and b,
the beam undergoes a small jump from the branch of mode 2 to
that of mode 1. The actuating force decreases towards zero and
the buckled beam reaches its lower stable position (photo (f)).
Contrary to the mid-span actuation, the paths in back and forth
directions are different as shown in Fig. 9a and b (curves with
red and blue circles).
(a) (b)
Fig. 9. Off-center actuation: experimental results and comparison to the model (a): compressive force vs the displacement, (b): actuating force as a function of the force
displacement.
(a) (b)
(c) (d)
(e) (f)
Fig. 10. Chronology of an off-center actuation (the letters are referred to those of the curves in Fig. 9a and b).
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The main results of the experimental tests presented in the
previous section have proved the validity of the proposed model-
ing based on the elastica approach. The experimental study allows
us to clarify the role played by buckling modes on the switching
scenario. The comparison between the experimental measure-
ments and the numerical results is good and the discrepancies
remain small.
It is worthwhile underlining that the pre-buckling regime for
which the compressive force is less than the critical force (bucklingforce) is not shown on the bifurcation diagram (see Fig. 5). The rea-
son for that is that the buckling phenomenon starts for an inﬁnites-
imal amount of end-shortening (few micro-meters). Moreover, the
beam is not perfect and the slightest defect causes the buckling to
start. In the analytical part of the work the numerical simulations
have been performed for different slenderness ratios so that the
pre-buckling regime is clearly identiﬁed.
The experimental results reported in the present work can be
easily compared to those obtained by Cazottes et al. (Cazottes
et al., 2010) for similar situation, but with a clamped–clamped
buckled beam. In Cazottes’ work, the model used is quite different
B. Camescasse et al. / International Journal of Solids and Structures 51 (2014) 1750–1757 1757from ours; it is based on the truncated buckled mode expansion
and the beam extensibility is accounted for. In fact, it is the exten-
sibility which produces the nonlinearity of the model; the latter is
a weak version of the ’’elastica’’ model. Even if the tested beams
and the boundary conditions are different, it is interesting to note
that the numerical and experimental results, in their essence, are
very similar to a scaling factor. By way of conclusion, a good corre-
spond is observed between the bistable beam response modeling
prediction and the experimental results, which establishes a
reliable validation of the model.
A complementary and forthcoming work would be to study the
vibration of the bistable beam in the post-buckling regime
(vibration of small amplitude around the buckled state). The exper-
imental validation of the vibrating behavior of the buckled beam
will be considered as well.
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